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ABSTRACT
The tree-level three-point correlation functions of local operators in the general
(p, q) minimal models coupled to gravity are calculated in the continuum approach.
On one hand, the result agrees with the unitary series (q = p+1); and on the other
hand, for p = 2, q = 2k − 1, we find agreement with the one-matrix model results.
⋆ e-mail addresses: GHOSHAL@TIFRVAX.BITNET and SWAPNA@TIFRVAX.BITNET
A non-perturbative understanding of gravity in two (and less than two) dimen-
sions has been made possible in recent years by the matrix model approach [1] [2]
and through the developments in two dimensional topological gravity [3]. While
some concrete progress have been made, the more traditional continuum approach
largely remains ill-understood. It is therefore very important to understand various
aspects of this Liouville theory [4] in the context of non-critical string theory and
quantum gravity [5] [6]. Inspite of the complications of the Liouville dynamics (for
review see [7] and references therein), the so called free-field approach has turned
out to be very successful. This has been strengthened in recent times by the zero-
mode integration technique [8] and the subsequent calculation of the three-point
function [9]; the calculation of three-point functions by adding marginal pertur-
bations to the free Liouville action [10]; the computation of the torus partition
function [11] and through the BRST analysis of the physical states of minimal
matter coupled to gravity [12] [13] [14].
The computation of the three-point functions in the continuum approach has
so far been restricted to the case of unitary minimal models coupled to gravity. In
ref.[9] Goulian and Li used a Coulomb gas type formalism with the cosmological
term as the screening charge in the Liouville theory and they used analytic contin-
uation to deal with the fractional power of this term. Subsequently Dotsenko [10]
proposed a modification of the free Liouville action by a marginal perturbation by
the cosmological term and a conjugate cosmological term, which serve as the two
types of screening charges [15]. The coupling of the conjugate cosmological opera-
tor is tuned in a very particular way and it is related to the cosmological constant
µ. The advantage of this approach is that the screening charges are raised to an
integral (albeit negative at times) power and the analytic continuation procedure
is simpler to carry out.
In this letter, we compute the tree-level three-point functions of the general
non-unitary (p, q) minimal models coupled to gravity by perturbing the free Li-
ouville action by two mutually conjugate screening operators, and tuning their
corresponding couplings to appropriate values that are related to the cosmologi-
2
cal constant µ. (The perturbations we consider are by the gravitationally dressed
matter identity and they are not the cosmological operators for the non-unitary
theories.) For q = p + 1, the minimal matter is unitary and our action coincides
with that of ref.[10]. For other values of q, the minimal matter is non-unitary
and we derive a general formula for the three-point function. We compare this re-
sult, for the particular case of p = 2, with the one-matrix model results of ref.[16]
and show that they agree. We also comment on the difficulties involved in working
with the cosmological term (and its conjugate) as perturbation, for the non-unitary
(p, q) models. The three-point function of the cosmological operator can, however,
be computed in the latter approach and we compare this result obtained in two
different ways. We briefly discuss the q →∞ limit with fixed p, and get the char-
acteristic logarithmic singularity of the c = 1 matter coupled to gravity. We finally
conclude with some speculative remarks.
The (p, q) minimal matter, (q > p), is described by a representation of the
Virasoro algebra with central charge
c = 1− 6(q − p)
2
qp
. (1)
States are built over the primaries φr,s, (1 ≤ r ≤ q − 1 and 1 ≤ s ≤ p − 1), of
conformal dimension
hr,s =
(qs− pr)2 − (q − p)2
4qp
. (2)
When we couple this matter to gravity, the central charge of the Liouville theory
is given by cL = 26− c = 1+6(q+p)2/qp. Local operators in the combined theory
have the form [6]
⋆
: Φr,s = φr,se
αLr,sϕ
L
, where, hr,s + h(e
αLr,sϕ
L
) = 1. The dimension
of the Liouville dressing operator follows from this condition:
h(eα
L
r,sϕ
L
) =
(q + p)2 − (qs− pr)2
4qp
. (3)
In the Feigin-Fuks representation both matter and Liouville are described by free
scalar fields with background charges QM =
√
(1− c)/3 =
√
2/qp(q − p) and
⋆ We need not, however, restrict the r, s values inside the Kac table.
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QL =
√
(25− c)/3 = √2/qp(q + p) respectively; and the local operators are
vertex operators VM(r,s) = e
iαMr,sϕ
M
and V L(r,s) = e
αLr,sϕ
L
respectively. The dimensions
of the vertex operators are given by
h(eiα
M
r,sϕ
M
) =
1
2
αMr,s(α
M
r,s −QM ), h(eα
L
r,sϕ
L
) = −1
2
αLr,s(α
L
r,s −QL). (4)
Solving from eqs.(3) and (4), we find:
αLr,s
± =
(q + p)± (qs− pr)√
2qp
. (5)
The (p, q) minimal model is in general non-unitary and has operators with both
positive as well as negative dimensions. The cosmological operator is by definition
the gravitationally dressed primary of minimum dimension φmin. The conformal
dimension hmin of φmin and the corresponding Liouville momemta are given by:
hmin =
1− (q − p)2
4qp
, αLmin
± =
(q + p)± 1√
2qp
. (6)
The cosmological operator corresponds to the negative sign in eq.(6) [17], and we
denote it by Φ−min:
Φ−min(z, z¯) = φmine
αL−minϕ
L
(z, z¯). (7)
The corresponding coupling µ is called the cosmological constant. For the unitary
theories (q = p+1), the identity operator φ1,1 is the operator of minimum dimension
(hmin = 0); and for the non-unitary (2, q) series it is the operator φ(q−1)/2,1 (=
φ(q+1)/2,1). For a general (p, q) model, however, no general expressions for r and s
could be given, and one has to look for φmin case by case.
The Liouville action has the cosmological term µ
∫
d2zΦ−min(z, z¯), and in ref.[9]
it was used as the screening charge in computing the correlation functions of the
4
(p, p + 1) unitary minimal models coupled to gravity. Dotsenko [10] has proposed
the following effective action for the Liouville theory:
SL(ϕ
L) =
1
2pi
∫
d2z∂ϕL(z)∂¯ϕL(z¯)+µ
∫
d2zΦ−min(z, z¯)+aµ
δ
∫
d2zΦ+min(z, z¯), (8)
where, a is an arbitrary constant and δ is the gravitational scaling dimension of the
operator Φ+min and is given by δ = α
L+
min/α
L−
min. Calculation of correlation functions
can be done perturbatively and the cosmological term Q−min = µ
∫
d2zΦ−min(z, z¯)
and its conjugate Q+min = aµ
δ
∫
d2zΦ+min(z, z¯) serve as screening charges. The
analysis of ref.[10] is restricted to the case of unitary theories where φmin is the
identity operator. Therefore the presence of the screening charges Q±min in the
computation of the correlation function in the Liouville sector does not modify
the matter sector contribution, which can be computed independently. For the
non-unitary theories however, φmin is not the identity operator and consequently
in screening the Liouville sector by Q±min, contribution from the matter sector gets
modified. There are now some extra φmin whose effect has to be taken into account
in requiring charge balance. It is easy to check that among the different possible
Feigin-Fuks representations for the various fields involved in the computation of
a general three-point function, there is not one which screens both the Liouville
and the matter sectors simultaneously
†
. The remaining option is to screen the
(augmented) matter contribution by the usual screening charges, i.e., integrals of
the dimension (1, 1) matter operators [15]:
J±(z, z¯) = eiβM
±ϕM ⊗ 1L(z, z¯),
1 =
1
2
βM (βM −QM ).
(9)
There are now four types of screening currents Φ±min(z, z¯), J
±(z, z¯). Whereas,
the OPE of Φ±min (and J
±) between themselves has the standard double pole sin-
gularity; the OPE between Φ+min(z, z¯)J
−(w, w¯) (or Φ−min(z, z¯)J
+(w, w¯)) goes as
† Correlators of the cosmological operators are exceptions; and we shall come back to this
point later.
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a rational power of (z − w) and the interchange of their corresponding contours
involves complicated phase factors. This feature makes the generalization of the
Dotsenko-Fateev integrals [15] notoriously difficult. We do not pursue this ap-
proach further.
We propose, instead, to work with the following effective action for the Liouville
theory:
SL(ϕ
L) =
1
2pi
∫
d2z∂ϕL(z)∂¯ϕL(z¯) + A−µδ
−
0
∫
d2z1M ⊗ eβ
−
Lϕ
L
(z, z¯)
+ A+µ
δ+0
∫
d2z1M ⊗ eβ
+
Lϕ
L
(z, z¯),
(10)
where, A± are arbitrary constants and δ±0 are the gravitational scaling dimensions
of the (1, 1) Liouville operators eβ
±
Lϕ
L
:
δ±0 =
β±L
αL−min
(11)
and β±L are such that the Liouville vertex operator is (1, 1):
−1
2
βL(βL −QL) = 1. (12)
The marginal operators Φ±0 (z, z¯) = A±µ
δ±0 eβ
±
Lϕ
L
(z, z¯) serve as the currents in
screening the Liouville contribution. We would like to emphasize that for the
non-unitary theories, these screening operators are not the cosmological term (7)
and its conjugate, but we have tuned their corresponding coupling constants (which
in general are completely unconstrained) in a very particular µ-dependent form.
The justification of this we can only provide a posteriori in that it produces the
correct result. And finally note that since the matter contribution to Φ±0 is iden-
tity, we can (as in the unitary theories), screen the matter sector independent of
the Liouville with the integrals of the standard screening currents J± [15].
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We now compute the three-point function 〈Φ−n′,n(z1, z¯1)Φ−s′,s(z2, z¯2)Φ−m′,m(z3, z¯3)〉,
⋆
which by the use of projective invariance reduces to the computation of the struc-
ture constants:
C(m′,m)(n′,n)(s′,s) = 〈Φ−n′,n(0)Φ−s′,s(1)Φ−m′,m(∞)〉
= 〈φ−n′,n(0)φ−s′,s(1)φ−m′,m(∞)〉M 〈e
αL−
n′,n
ϕL
(0)e
αL−
s′,s
ϕL
(1)e
αL−
m′,m
ϕL
(∞)〉L
≡ CM(m′,m)
(n′,n)(s′,s)
C
L(m′,m)
(n′,n)(s′,s)
.
(13)
C
M(m′,m)
(n′,n)(s′,s) can be computed as in ref.[15] using N+ screening charges
∫
d2zJ+(z, z¯)
and N− screening charges
∫
d2zJ−(z, z¯). The charge neutrality condition
∑
αMr,s+
N+β
+
M +N−β
−
M = QM , requires that
N+ =
n+ s+m− 1
2
, N− =
n′ + s′ +m′ − 1
2
. (14)
Using the integral formula (B.10) of ref.[15], we get
†
:
C
M(m′,m)
(n′,n)(s′,s) =
piN−+N+
ρ4N−N+
(
Γ(1− ρ′)
Γ(ρ′)
)N−(Γ(1− ρ)
Γ(ρ)
)N+ N−∏
i=1
Γ(−N+ + iρ′)
Γ(1 +N+ − iρ′)
N+∏
j=1
Γ(jρ)
Γ(1− jρ)
N−∏
i=1
Γ(−N+ − n′ρ′ + n+ iρ′)Γ(−N+ − s′ρ′ + s+ iρ′)Γ(−N+ −m′ρ′ +m+ (N− + 1)ρ′ − iρ′)
Γ(1 +N+ + n′ρ′ − n− iρ′)Γ(1 +N+ + s′ρ′ − s− iρ′)Γ(1 +N+ +m′ρ′ −m− (N− + 1)ρ′ + iρ′)
N+∏
j=1
Γ(n′ − nρ+ jρ)Γ(s′ − sρ+ jρ)Γ(m′ −mρ+ jρ)
Γ(1− n′ + nρ− jρ)Γ(1− s′ + sρ− jρ)Γ(1−m′ +mρ− jρ)
(15)
where, ρ′ = p/q = (β−M )
2/2 and ρ = q/p = (β+M )
2/2. The Liouville structure
constant C
L(m′,m)
(n′,n)(s′,s) requires N
L± screening charges
∫
d2zΦ±0 (z, z¯), where the charge
⋆ From now on we shall restrict ourselves with operators Φr,s that have Liouville momentum
αLr,s
− without any loss of generality [10].
† We have omitted the N+!N−! terms.
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neutrality condition in the Liouville sector requires that:
N L+ =
n + s+m− 1
2
= N+, N
L
− = −
n′ + s′ +m′ + 1
2
= −(N− + 1).
(16)
Using the integral formula and the analytic continuation for products of a negative
number of terms as given in [10], we get:
C
L(m′,m)
(n′,n)(s′,s)
=
A
−(N−+1)
− A
N+
+ µ
−(N−+1)δ−0 +N+δ+0 pi−(N−+1)+N+ρ4(N−+1)N+
(
Γ(−ρ′)
Γ(1 + ρ′)
)N−+1(Γ(1 + ρ)
Γ(−ρ)
)N+
N−∏
i=0
Γ(1 +N+ − iρ′)
Γ(−N+ + iρ′)
N+∏
j=1
Γ(−jρ)
Γ(1 + jρ)
N−∏
i=0
Γ(1 +N+ + n
′ρ′ − n− iρ′)Γ(1 +N+ + s′ρ′ − s− iρ′)Γ(1 +N+ +m′ρ′ −m−N−ρ′ + iρ′)
Γ(−N+ − n′ρ′ + n + iρ′)Γ(−N+ − s′ρ′ + s+ iρ′)Γ(−N+ −m′ρ′ +m+N−ρ′ − iρ′)
N+∏
j=1
Γ(−n′ + nρ− jρ)Γ(−s′ + sρ− jρ)Γ(−m′ +mρ− jρ)
Γ(1 + n′ − nρ+ jρ)Γ(1 + s′ − sρ+ jρ)Γ(1 +m′ −mρ+ jρ)
(17)
Multiplying expressions (15) and (17) (using eq.(13)), we get the unnormalized
structure constants:
C(m′,m)
(n′,n)(s′,s)
= (−1)N−+N++1A−(N−+1)− AN++
pi2N+−1
Γ(0)
ρ2(N−−N++1)
(
Γ(1− ρ′)
Γ(ρ′)
)2N−+1
× µ−(N−+1)δ−0 +N+δ+0 Γ(1 + n
′ρ′ − n)Γ(1 + s′ρ′ − s)Γ(1 +m′ρ′ −m)
Γ(−n′ρ′ + n)Γ(−s′ρ′ + s)Γ(−m′ρ′ +m) .
(18)
Note that this expression agrees with that of ref.[10] in the case q = p+1. Now to
compare this general result with the matrix model result we proceed to calculate
the normalization independent structure constants of the (p, q) minimal matter
coupled to gravity. For that we need to know the two point functions of the
operators involved and the partition function. The two point function is given by:
− d
dµ
〈Φn′,nΦn′,n〉 = A−δ−0 µδ
−
0 −1〈Φn′,nΦn′,nΦ1,1〉. (19)
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Using eq.(18)and integrating the above expression we derive the two point function
as:
〈Φn′,nΦn′,n〉 = A−δ−0
µδ
−
0
n′δ−0 − nδ+0
〈Φn′,nΦn′,nΦ1,1〉
=
(−1)n′+n−1A−n′− An+pi2n−1
ρ2(n
′−n+1)
δ−0 µ
−n′δ−0 +nδ+0
n′δ−0 − nδ+0
(
Γ(1− ρ′)
Γ(ρ′)
)2n′ (
Γ(1 + n′ρ′ − n)
Γ(−n′ρ′ + n)
)2
.
(20)
Similarly the partition function is given by
− d
3
dµ3
Z =
(
A−δ−0 µ
δ−0 −1
)3
〈Φ1,1Φ1,1Φ1,1〉 (21)
which after integration gives the following expression:
Z = −
(
A−δ−0 µ
δ−0
)3
(δ−0 + δ
+
0 − 2)(δ−0 + δ+0 − 1)(δ−0 + δ+0 )
〈Φ1,1Φ1,1Φ1,1〉
= A−A+
(δ−0 )
3µδ
−
0 +δ
+
0
(δ−0 + δ
+
0 − 2)(δ−0 + δ+0 − 1)(δ−0 + δ+0 )
pi
Γ(0)
ρ2.
= A−A+
pi
Γ(0)
2q2p
(q + p)(q + p+ 1)
µ2(q+p)/(q+p+1)
(22)
Substituting from the expressions (18), (20) and (22), we get the expression for
the normalized three-point function:
D(m′,m)
(n′,n)(s′,s)
≡ 〈Φn′,nΦs′,sΦm′,m〉
2Z
〈Φn′,nΦn′,n〉〈Φs′,sΦs′,s〉〈Φm′,mΦm′,m〉
= − (n
′δ−0 − nδ+0 )(s′δ−0 − sδ+0 )(m′δ−0 −mδ+0 )
(δ−0 + δ
+
0 − 2)(δ−0 + δ+0 − 1)(δ−0 + δ+0 )
= − 2(n
′p− nq)(s′p− sq)(m′p−mq)
(q + p)(q + p+ 1)
.
(23)
This result for the general (p, q) minimal models is in exact agreement with the
conjecture of Imbimbo and Mukhi [18].
⋆
⋆ We thank S. Mukhi for pointing this to us.
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For the special case of the unitary theories (q = p+1), the marginal deformation
we have considered (eq.(10)) coincides with the cosmological terms (as identity is
the operator with the least dimension for such theories). In these theories δ−0 = 1
and δ+0 = δ (from eq.(11)); and we recover the result of ref.[10]:
D(m′,m)
(n′,n)(s′,s)
∣∣∣
(p,p+1)
=
(n′ − nδ)(s′ − sδ)(m′ −mδ)
δ(1 + δ)(1− δ) , (24)
which agrees with the matrix model results [19].
On the other hand, for the (2, 2k − 1) non-unitary minimal matter, the basic
operators are of the form Φr,1, with r = k−1 being the operator of least dimension.
For these theories δ−0 = 2/k and δ
+
0 = 2− 1/k. Substituting in eq.(23), we get the
normalized three-point function:
D(m,1)
(n,1)(s,1)
∣∣∣
(2,2k−1)
= −(2n− 2k + 1)(2s− 2k + 1)(2m− 2k + 1)
(2k + 1)(k + 1)
. (25)
The above result can be compared with the following one-matrix model results of
ref.[16] (notation as in [16]):
F =
k2
(k + 1)(2k + 1)
t2+
1
k
〈Ol1〉 = −
k
(l1 + 1)(l1 + k + 1)
t1+
l1+1
k
〈Ol1Ol2〉 = −
1
(l1 + l2 + 1)
t
l1+l2+1
k
〈Ol1Ol2Ol3〉 = −
1
k
t−1+
l1+l2+l3+1
k
(26)
where, lr labels the operators and t is the cosmological constant, which is the
coupling corresponding to the operator O0. Comparison of the matrix model free
energy F (t) with our partition function shows that apart from normalization (which
are obviously different in the two different formalisms), the matrix model cosmolog-
ical constant t is same as µ. We can also work out the normalization independent
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three-point function from eq.(26):
〈Ol1Ol2Ol3〉2F
〈Ol1Ol1〉〈Ol2Ol2〉〈Ol3Ol3〉
= − (2l1 + 1)(2l2 + 1)(2l3 + 1)
(k + 1)(2k + 1)
. (27)
The above agrees with our continuum result eq.(25) with the identification:
lr = k − 1− r : Olr ∼ Φk−1−r,1. (28)
This identification is natural if we remember that r = k − 1, (lk−1 = 0), is the
minimum dimension operator in the (2, 2k − 1) model, and it is natural to label
the fields starting from the cosmological operator.
Let us now comment on the computation of the correlators of the cosmological
operator Φ−min using the action (8). In this approach Q
±
min ∼
∫
d2zΦ±min(z, z¯) serve
as the screening charges, and fortunately here it is possible to screen the matter
and the Liouville parts simultaneously using these charges. The n-point correlator
of Φ−min for example requires one Q
+
min and −(n−1) number of Q−min for screening.
It is straightforward to work out the three-point function:
〈Φ−min(0)Φ−min(1)Φ−min(∞)〉 =
1
piΓ(0)
(1 + q)8(1− q)2
q12
µ−(q+p−3)/(q+p−1) (29)
which upon integrating three times with respect to µ gives the partition function:
Z = − 1
piΓ(0)
(1 + q)8(1− q)2
q12
(q + p− 1)3
4(q + p)(q + p+ 1)
µ2(q+p)/(q+p−1). (30)
Comparing this expression with (22), we see that they differ by normalization. But
in the case of (22), we have the freedom to choose the arbitrary constants A± so
that the partition function we have calculated using the action (10) agrees with that
calculated by integrating the three-point function of the cosmological operator. We
could also view this as a check for our ansatz (10). Unfortunately, however, it is
not possible to compute arbitrary three-point functions in the alternative approach
using (8) due to technical difficulties discussed in the beginning.
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Finally we consider the limit q → ∞ with p fixed. Although the central
charge c of the matter part goes to −∞ in this limit, the effective central charge
ceff = c − 24hmin = 1 − 6/qp, which measures the degrees of freedom of the
theory, tends to the limiting value 1. We would therefore expect to get the results
related to that of c = 1 matter coupled to gravity [2].
⋆
We may also recall that the
one-loop partition function contains information about the operator content of a
theory and this quantity for the (p, q) model can be written as the difference of
the partition functions of scalar fields taking values on circles of radii R1 =
√
2pq
and R2 =
√
2p/q respectively [21]. In the limit q →∞, the second radius R2 → 0,
and the first radius R1 diverges with the scalar field taking all real values. The
partition function of a free scalar field, (taking values on the real line), coupled to
gravity has been calculated [22] [2] and found to have a characteristic logarithmic
singularity:
Zc=1 ∼ µ2 lnµ. (31)
On the other hand, if we take the limit q →∞ with fixed p, we get:
Z
q→∞−→ A−A+ pi
Γ(0)
4
(
p
q
)
µ2 lnµ
D(n′,n)(s′,s)(m′,m) q→∞−→ 4
(
n− n
′p
q
)(
s− s
′p
q
)(
m− m
′p
q
)
lnµ
(32)
The p/q factor in the front of Z seems to be an artifact of the calculation as it drops
out in the normalized three-point function. The normalized correlation function
also agrees with three-point function of tachyon operators [23] if the momentum
of the tachyon kr,s is identified with
2√
α′
(
s− r pq
)
. No analog of the momentum
conservation condition however follows from this limiting procedure.
We have computed the tree-level three-point correlation functions of local op-
erators in the general (p, q) non-unitary minimal models coupled to gravity. We
⋆ A space-time interpretation of the (p, q) minimal matter coupled to gravity was developed
in [20], where the limit q →∞ was discussed from a string field theoretic point of view.
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have used the free Liouville action perturbed by the marginal operators which are
integrals of gravitationally dressed matter identity. These operators are not the
cosmological operators, but their corresponding couplings are tuned to be func-
tions of the cosmological constant µ. This perturbation is much easier to work
with rather than the perturbation by the cosmological operators, which is a di-
rect generalization of the action suggested by Dotsenko [10]. The reason is that in
the case of non-unitary theories the matter operator of least dimension is not the
identity and this modifies the matter contribution, which needs further screening.
The evaluation of the corresponding Dotsenko-Fateev integrals become extremely
complicated to. However, the correlators of the cosmological operator can be com-
puted in both the approaches and we have compared the two results. We have
also shown that our expression for the (2, 2k − 1) minimal series agrees with the
one-matrix model results [16]. For the unitary series q = p+1, our action coincides
with that of Dotsenko [10].
The justification of our proposed action could be given a posteriori that it re-
produces the correct answer. However, since the perturbation we consider is not
by the cosmological operators, it is tempting to conjecture that any marginal per-
turbation of the free Liouville action, with the coupling properly adjusted, would
reproduce the correct tree-level three-point correlation functions. Such a possibility
has also been mentioned by Dotsenko (see the second reference in [10]). The per-
turbation we have considered is, however, technically the simplest to work with (as
it lets one screen the Liouville and the matter independently). The most natural
Coulomb gas formalism for the minimal matter coupled to gravity should presum-
ably follow from some BRST-like symmetry analogous to that of ref.[24] for the
case of the minimal models.
Acknowledgement: It is a pleasure to thank V. Dotsenko, S. Mukhi, A. Sen and
A. M. Sengupta for many interesting discussions.
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